We investigate the backreaction equations for an acoustic black hole formed in a Laval nozzle under the assumption that the motion of the fluid is one-dimensional. The solution in the near-horizon region shows that as phonons are (thermally) radiated the sonic horizon shrinks and the temperature decreases. This contrasts with the behaviour of Schwarzschild black holes, and is similar to what happens in the evaporation of (near-extremal) Reissner-Nordström black holes (i.e. infinite evaporation time). Finally, by appropriate boundary conditions the solution is extended in both the asymptotic regions of the nozzle.
Introduction
In 1974 Hawking [1] announced to the physical community his famous result: black holes are not black at all, but emit thermal radiation at a temperature proportional to the horizon surface gravity. Hawking came to this remarkable conclusion by examining, within the framework of quantum field theory in curved space, the propagation of a massless scalar field in the geometry of a collapsing body forming a black hole. If one assumes spherical symmetry, the space-time in the region exterior to the body is described by the Schwarzschild solution (Birkhoff theorem). For these kinds of black holes the horizon is located at r = 2M (M is the black hole mass) and its surface gravity is k = 1/4M. This yields an emission temperature T H =h k 2π =h 8πM (the velocity of light and Boltzman constant are set to one). As a consequence black holes, the final end-state of gravitational collapse according to classical General Relativity, are unstable. The actual evolution of an evaporating black hole should in priciple be described (until quantum gravity effects become relevant) by the semiclassical Einstein equations (backreaction equations) G µν (g αβ ) = 8π T µν (g αβ ) ,
where G µν is the Einstein tensor and the r.h.s. is the expectation value of the quantum stress tensor for the matter fields which drive the evaporation. Eq. (1.1) has to be solved for the evaporating black hole metric g αβ . This requires the knowledge of T µν (g αβ ) for an arbitrary (let's say spherically symmetric) metric. Unfortunately, because of the extreme difficulty of the problem, no such expression is available and the backreaction is usually modelled by extrapolating Hawkings's result, which is strictly valid only for static or stationary black holes. Therefore a spherically symmetric black hole of mass M(t) is supposed to emit radiation at a temperature T =h(8πM(t)) −1 . Because of this emission, it looses mass at a rate given by the Stefan-Boltzman law dM dt ≃ −AT 4 ≃ −1/M 2 , where A = 16πM 2 is the horizon area. As the mass decreases the black hole becomes hotter, as can be seen from the temperature formula given above, and eventually disappears (with a final explosion?). Its lifetime is of the order M 3 0 where M 0 is the initial mass of the black hole. If the black hole possesses a conserved electric charge Q (|Q| < M) the picture is quite different. In this case the space-time is described by the Reissner-Nordström solution for which the surface gravity reads
where r + is the radius of the horizon, i.e. r + = M + √ M 2 − Q 2 . One sees that, for near-extremal black holes (M ∼ > |Q|), as the mass of the hole decreases because of the evaporation, the temperature T =h 2π k drops costantly. When M is reduced to M = |Q| the temperature is zero. This final state (remnant) is reached in infinite time. This corresponds to the so called third law of black hole thermodynamics.
In 1981 a remarkable paper of Unruh [2] appeared showing that a quantum emission similar to the one predicted by Hawking for black holes is expected in a seemingly completely different physical context, namely fluids undergoing hypersonic motion. This far reaching result opened a continuously developing field of research (the so called black hole analogue models [3] ) in condensed matter physics where, unike gravity, the hope to perform experimental test on these theoretical predictions does not seem so remote. In this paper we will give a first insight on the backreaction this emitted radiation has on the fluid. The plan of the paper is the following. In section II we report Unruh's analysis of the sound propagating in a hypersonic fluid within the action formalism which is then used to write the backreaction equations for the fluid motion. In section III we introduce a lower dimensional model where the backreaction equations can be solved to find the first order inh correction to the classical flow. In section IV we evaluate the quantum stress tensor for the classical background to be inserted in the backreaction equations. In section V we solve the backreaction equations near the sonic horizon. In section VI and VII the near horizon solution is extended in the asymptotic regions through the imposition of appropriate matching conditions. Section VIII is devoted to the conclusions and some extrapolations of our results. In Appendix A and B we report tecnical details needed to perform the calculations.
Hypersonic flow and sonic black holes
Unruh considered an irrotational, homentropic fluid. In this case the Eulerian equations of motion can be derived from the action
where ρ is the mass density, ψ the velocity potential, i.e. − → v = − → ∇ψ, and u the internal energy density. The overdot means differentiation with respect to (newtonian) time.
Varying S with respect to ψ yields the continuity equatioṅ
whereas variation with respect to ρ gives Bernoulli's equatioṅ
where
One can now obtain the linearized wave equation for the propagation of sound waves in a background mean flow by replacing
where ρ and ψ define the mean flow; they are assumed to satisfy the equations of motion and ψ 1 and ρ 1 are small amplitudes perturbations. Expanding S up to quadratic order in these perturbations one obtains
The speed of sound c is defined as
One can derive the equation of motion for ρ 1
Since ρ 1 occurs quadratically in (2.5) we may use eq. (2.7) to eliminate it and obtain an action for the potential ψ 1 only
The remarkable thing is that S 2 can be written as
where, following Unruh, we have introduced the acoustic metric
and I is the three-dimensional identity matrix. In the form of eq. (2.9) S 2 is completely equivalent to the action for a massless scalar field ψ 1 propagating in a curved space-time whose line element is
Varying the action (2.9) with respect to ψ 1 gives the sound wave equation which can be written in a simple and elegant geometrical way where 2 = ∇ µ ∇ µ is the covariant derivative with respect to the acoustic metric g µν . The region of the fluid for which − → v 2 > c 2 is called acoustic black hole, its boundary − → v 2 = c 2 defines the sonic horizon. From this region sound waves cannot propagate upstream since the fluid velocity is bigger than the sound velocity. Sound is dragged by the fluid and cannot excape. Using the same arguments of Hawking, Unruh showed that quantizing the field ψ 1 one expects a thermal emission of phonons at a temperature 12) where k is the surface gravity of the sonic horizon [4] 13) n is the normal to the horizon.
A tipical situation where this is supposed to occur is a Laval nozzle depicted in Fig.1 . The fluid flows from right to left; at the waist of the nozzle the fluid velocity reaches the speed of sound. This is the location of the sonic horizon. Expanding into the left region the velocity increases and the fluid becomes hypersonic; this region describes the acoustic black hole. In the asymptotic right region a thermal radiation of phonons is expected according to Unruh's analysis. The aim of this paper is to give a first qualitative description of the effects this emitted radiation has on the fluid dynamics, i.e. the backreaction for acoustic black holes. To this end we have to establish the analogue of the semiclassical Einstein equations (1.1), i.e. the evolution equation for the fluid driven by the quantum fields. In principle the system can be described by an effective action Γ ef f = S + S q where S is the classical action (2.1) and S q is the effective action for the quantum fields. From the previous discussion one sees that S q is a functional of the acoustic metric, which coincides with the effective action of a massless scalar field propagating in a curved background. We can formally write
Therefore it follows that, using the chain rule,
where we have defined the energy momentum tensor for the quantum fields as
In the above expression g µν is the inverse metric, i.e.
where ρ and v are now arbitrary space-time functions that do not necessarily satisfy the classical equations of motion. The backreaction equations are therefore (taking into account that g µν does not depend onψ)ρ
The T µν appearing in the backreaction equations should be considered as expectation value of the quantum stress tensor operator taken in the quantum state appropriate for the radiation process, namely the analogue of the Unruh state [5] . Inspection of the backreaction equations reveals that the continuity equation gets modified by including the divergence of the phonons quantum flux (note that
, whereas the Bernoulli equation is modified by a term proportional to the trace of the energy momentum tensor of the phonons. As in the black hole case the general expression of S q and T µν (g αβ ) is completely unknown and no explicit solution of the backreaction equations (2.19), (2.20) can be given.
The dimensional reduction model
Lower dimensional models are very useful in physics as they allow explicit solutions of the dynamical equations to be found, providing at least a qualitative description of the evolution of real four-dimensional systems. This attitude has been largely used in studying quantum effects in black hole physics, where two-dimensional models enable investigation of the so called "s-wave sector" [6] . Within this philosophy a qualitative insight in the backreaction going on in a hypersonic fluid can be obtained by assuming a one dimensional flow for the fluid; the relevant physical quantities depend only on the z coordinate running along the axis of the Laval nozzle of Fig. 1 (i. e. velocity components along x and y are negligible with respect to the z component). After integrating over the transverse coordinates x, y, the classical action (2.1) can therefore be written
where A is the area of the transverse section of the nozzle. The classical equations of motion following from
where v = ∂ z ψ. Since A is time indipendent one has
The action for the quadratic fluctuations (2.8) can be written as
a, b = z, t; g (2) ab is the z, t-section of the acoustic metric of eq. (2.9) under the assumption v = v(z, t), ρ = ρ(z, t). The action S (2) 2 describes now a two-dimensional massless scalar field ψ 1 (z, t) propagating in the two-dimensional metric g (2) ab (z, t) coupled not only to this metric but also to a "dilaton" field e −2φ = Aρ c
, which is the proper area of the transverse section and is a remnant of the four-dimensional origin of S
2 . Functional integration of the ψ 1 field yields S (2) q (g (2) ab , ψ), the effective action for the quantum fluctuations which is a functional of the 2D metric and the dilaton. The backreaction equations for the lower dimensional model can be obtained by the same procedure of section 2, starting from the action Γ
q . Introducing the 2D quantum stress tensor as
we have 10) where P T is the transverse pressure. The backreaction equations read
Note that the action S
2 is conformally invariant. This has a profound consequence: the expectation value of the trace, i.e. T (2) , is exactly known. It's completely anomalous, independent on the quantum state of the ψ 1 field; expressed in terms of local geometric quantities [7] T (2) =h 24π
where R (2) is the Ricci scalar of the metric g
ab , (∇φ) 2 = g ab(2) ∂ a φ∂ b φ and 2 = ∇ a ∇ a , ∇ being the covariant derivative operator.
Even for this simplified model the effective action S (2) q is not explicitly known. From the trace anomaly only a part of S (2) q can be reconstructed: this is the so called "anomaly induced effective action". The Weyl invariant part is unknown (see [8] for a discussion of this problem). To make computation feasible we will neglect the transverse pressure term in eq. (3.9) and approximate the quantum flux term in eq. (3.11) by the corresponding Polyakov expression, as we will describe in the next section. Studies of gravitational black hole evaporation have shown that this approximation is quite reasonable near the horizon of the hole and asymptotically gives the leading behaviour in these regions. Various models of 2D black holes, like CGHS [9] , RST [10] are contructed in this way. Our aim is to solve the backreaction equations to first order inh to calculate the first quantum correction to the classical fluid configuration. Therefore we need the quantum source terms calculated at zero order inh, i.e. for the classical solution.
4 The quantum stress tensor for static sonic black holes
Before undertaking the study of the backreaction in eqs. (3.11), (3.12) let us describe the solution of the classical equations of motion which describes a static acoustic black hole and then find the corresponding T
ab in the Unrnh state for this background. Assuming steady flow, i.e. no time dependence, the continuity equation (3.11) yields
Let us further assume the sound velocity c constant. This allows the Bernoulli equation (3.5) to be written as 1 2
Let us choose the profile of the Laval nozzle as
where A 0 , β and z 0 are constants. From the continuity equation (4.1) one has for |z| ≤ z 0
The sonic horizon is located at z = 0 where v = −c (remember that the fluid is moving from right to left), so the constant D in eq. (4.1) can be evaluated as
which when inserted in eq. (4.5) yields
This implicitly defines v = v(z) and from eq. (4.3) we have ρ(z); so for |z| ≤ z 0 the acoustic metric g (2) ab (z) of the static sonic black hole is determined. For |z| > z 0 the solution is simply v(z) = const = v(z 0 ) for z > z 0 and v(z) = const = v(−z 0 ) for z < −z 0 . Similarly for ρ(z). Note that |v(z)| increases as z decreases, while ρ(z) decreases as z decreases. Now we proceed to evaluate the stress tensor T (2) ab in the Unruh state for the phonons propagating in this background. The trace part is exactly known and given by calulating eq. (3.13). The other two indipendent components, being not exactly known, will be approximated by the Polyakov stress tensor. This slightly overextimates the evaporation flux by neglecting the backscattering of the phonons caused by the potential barrier induced by the presence of the dilaton. This kind of approximation is quite common in the gravitational black hole case.
We introduce a set of null coordinates
8)
In terms of these coordinates the acoustic metric is 
(4.11)
The Polyakov T −− in the Unruh state is [12] T
whereas
Here the conformal factor of the metric C is
and κ is related to the surface gravity k on the horizon ab are given in Appendix I. We recall here only the asymptotic limits
The backreaction equations near the horizon
As said before our aim is to find the first order correction inh to the classical sonic black hole solution ρ(z), v(z) described in eqs. (4.3)-(4.5). To this end we define the quantum corrected velocity potential and density by 
The explicit expressions for F 2 and G 2 are given in Appendix I. From eq. (5.4) one can obtain ρ 1
where we indicate ′ ≡ ∂ z . Taking the time derivative of this equation and substituting it in the continuity eq. (5.3) one obtains the following wave equation for ψ 1
The l.h.s. is simply proportional to ∇ We are mainly interested on the fate of the sonic horizon, so we will solve the wave equation (5.6) near z = 0. To this end we need an expansion of the background quantities ρ and v, and hence T (2) ab , for κz ≪ 1. The results of this tedious calculation are given in Appendix II. We give here only the final results. Eq. (5.6) becomes
We shall write the solution in the following form
where f i (t), i = 1, 2, 3... are functions of t only, to be determined. The zero order (in κz) equation is 11) whereas the first order equation is
We shall now define the boundary conditions on the solution. We require that at some given time, let's say t = 0, the evaporation is switched on, i.e. we require
The vanishing of ψ 1 and v 1 = ∂ z ψ 1 at t = 0 implies from eq. (5.10) that f i (t = 0) = 0. Remembering now the relation between ρ 1 and ψ 1 (see eq. (5.5)) we have
where the expression on the r.h.s. means the coefficients of the i-th term of the expansion in κz of G 2 /A.
Evaluating eqs. (5.11), (5.12) and the time derivative of eq. (5.11) at t = 0 one can obtain the following approximate expression for ψ 1 (see Appendix II for details)
14)
The numerical coefficients are reported in the same Appendix.
Since we have calculated the quantum source only for the static classical metric there is no time evolution of the source itself. This limits the validity of our solution for small values of t only (cκt ≪ 1). For this reason we have just given a power expansion of the functions f i (t). Therefore we are only able to predict how the backreaction starts, i.e. to connect the static fluid configuration at time t 0 = 0 to a quasi static fluid configuration at time t 0 + ∆t. With this in mind we can now give the quantum correction to the velocity field
Note that b i > |c i | (see Appendix II) and being κz ≪ 1 for the validity of our solution, we can conclude that v 1 > 0. The background velocity is negative, so we conclude that the backreaction has the net effect to decrease the modulus of the velocity, i.e. the fluid is slowing down. The quantum corrected velocity is therefore
The acoustic horizon is defined |v B | = c; this yields
This equation shows that the horizon is moving to the left with respect the classical location z H = 0. Therefore, as the evaporation proceeds, the hypersonic region gets smaller and smaller. This is the behaviour one would have naively expected. Finally, from eq. (5.5) we can calculate ρ 1
(5.20)
For κz ≪ 1, ρ 1 > 0, i.e. ρ B = ρ + ǫρ 1 is increasing.
6 The backreaction equation in the region z > z 0
In the region z > z 0 , assuming κz 0 ≪ 1, the background solutions can be approximated as
The backreaction equation (5.6) becomes the simple flat space wave equation
Since in this region T (2) = T +− = 0 and T −− = const, then F 2 = G 2 = 0. The null coordinates x − , x + are defined as follows (see eqs. (4.8), (4.9))
4)
The most general solution of (6.3) is a linear combination of two arbitrary functions of the kind ξ(x − ) and η(x + ).
The source term given by the quantum stress tensor is discontinuous in z = z 0 , so our model resembles a sandwich of space-time regions glued across singular hypersurfaces. We can find a solution of (6.3) for z > z 0 by requiring continuity for the v 1 (z, t) field across the boundary z = z 0 . Because of the discontinuity in T (2) ab , there is no way to make v 1 and ρ 1 simultaneously continuous across z 0 . Our choice leads to a quantum corrected acoustic metric wich is continuous in z = z 0 up to a conformal factor. For z < z 0 we have
and therefore
As seen from the curved space point of view, the z = z 0 surface is a timelike surface of the acoustic metric of eq. (3.7). It is crossed in the future only by outgoing rays. Therefore for z > z 0 the solution of the wave equation assumes a retarded "Vaidya form" ψ 1 = ψ 1 (x − ). Now from eq. (6.4)
Taking into account that
where l is a constant to be fixed by requiring continuity in z = z 0 : 11) which is positive definite. Therefore for z > z 0 , x − > x − 0 , we have 12) whereas for x − < x − 0 it vanishes identically. The quantum corrected velocity field reads therefore, for z > z 0 ,
showing a velocity decreasing in modulus with the advanced time
and from it
which increases in terms of the advanced time.
As already said ρ 1 cannot be made continuous across z = z 0 . Evaluating the limits from both sides of the hypersurface z = z 0 one can find the jump in ρ 1
The backreaction equation in z < −z 0
In this region the backreaction equation is ∂ − ∂ + ψ 1 = 0, as in the previous case. Now the null coordinates are
1)
As one can see from the acoustic metric (3.7), the surface z = −z 0 is now a spacelike surface; it is crossed in the future direction from both ingoing x + = const and outgoing x − = const characteristics of the wave equation. So the solution will depend on both x − and x + .
The classical background quantities are now for z < −z 0
3)
The boundary conditions we will impose to find the solution in this region are the continuity for both v 1 and ρ 1 . Unlike the z = z 0 case, here this is possible being z = −z 0 a spacelike surface. Now we impose continuity of v 1 
Being the background quantities (7.3), (7.4) continuous across z = −z 0 and taking account of eq. (7.5) we require In a similar way we obtain 
Conclusions
The aim of this paper was to face the backreaction problem for acoustic black holes. First we have found the equations for the fluid driven by the linear quantum fluctuations, i.e. the linearized "backreaction equations". In a lower dimensional case, neglecting the transverse pressure and keeping a Polyakov form for the flux, we have solved these equations near the horizon, under the assumption that the quantum source corresponds to the stress tensor of the quantum fields evaluated for the static classical background. The information we can gain are just preliminary: we obtain an indication on how the quantum solution starts to depart from the classical configuration, once the quantum effects are switched on. It's not possible to do anything better even for the gravitational black hole evaporation. However very interesting indications seem to emerge even from this simplified model. We have shown that the sonic horizon moves to the left with respect to the nozzle and the hypersonic region shrinks. 
